In the paper, we obtain sufficient conditions for the uniform stability of the zero solution of the delay differential equation with impulses
Introduction
It is now being recognized that the theory of impulsive equations is not only richer than the corresponding of differential equations but also represents a more natural framework for mathematical model of many real world phenomena [10] . The number of publications dedicated to its investigation has grown constantly in the recent years and a well-developed theory has taken in shape. See monographs [1, 10] , and references therein. However, the theory of impulsive functional differential equations has been less developed due to numerous theoretical and technical difficulties caused by their peculiarities. There are a few publications on qualitative theory. In particular, oscillatory and asymptotic behavior of solutions of some class impulsive delay differential equations have been studied by several authors (see [2, 4, [9] [10] [11] ).
In this paper, we consider the impulse delay differential equation 1) where N is the set of all positive integers, τ > 0, I k : R → R, and f, h ∈ C([t 0 , ∞) × R, R), t 0 t 1 < t 2 < · · · < t k < t k+1 < · · · with t k → ∞ as k → ∞ and x (t) denote the left-hand derivative of x(t). We assume that f (t, 0) ≡ 0, h(t, 0) ≡ 0 and I k (0) ≡ 0, so that x(t) ≡ 0 is a solution of (1.1), which we call the zero solution.
x (t) + h(t, x(t)) = f (t, x(t − τ )), t t 0 , t = t k , x(t
Let PC([t 0 − τ, t 0 ], R) = {φ :
is continuous everywhere except a finite number of pointst at which φ(t + ) and φ(t − ) exist and φ(t + ) = φ(t )}. By a solution of (1.1), we mean a function x(t) defined on [t 0 − τ, ∞), for somet 0 t 0 , which is left continuous on [t 0 − τ, ∞) and satisfies (1.1) for t t 0 .
For givent 0 t 0 , let φ ∈ P C[t 0 − τ,t 0 ], then by [12] Eq. (1.1) has a unique solution
Definition 1.1. The zero solution of (1.1) is stable if for any > 0, there exists δ = δ(t 0 , ) > 0 such that φ ∈ PC δ [t 0 − τ,t 0 ], implies |x(t;t 0 , φ)| < for t t 0 . If δ is independent oft 0 , we say the zero solution of (1.1) is uniformly stable.
We assume that there exists a constant H > 0 and a continuous function P :
When the impulses in (1.1) are removed, i.e., I k (x) ≡ 0, and h(t, x) ≡ 0. (1.1) reduces to the delay differential equation
when f (t, x) = −P (t)x; its stability has been investigated by many author, see [3, 6, 7] . The best result was recently obtain in [6] , which said that if 
The stability of ordinary differential equations with impulses has been extensively studied in the literature, we refer to [1, 5, 10] and the references cited therein. However, the results on the stability of delay differential equations with impulses are relatively scare, the author in [13] [14] [15] had studied the stability of impulsive functional differential equations by using Lyapunov method. In [16] , the author studied the uniform stability of certain impulsive delay differential equation. These study provided the impetus for the present paper. In Section 2 we shall give sufficient conditions for the zero solution of (1.1) to be uniformly stable, and which extend the above mentioned results to (1.3).
Main result
In this section, we consider the uniform stability of the zero solution of Eq (1.1). 
1)
and λ = sup
Also assume that
where b ∈ C([t 0 , ∞), R + ), and
Then the zero solution of (1.1) is uniformly stable.
Proof. For given
(2.6)
We will prove that
We will first prove (2.7) when i = 1. To this end, we consider the following six cases:
We will prove only case (iv). The other cases can be proved similarly and their proofs will be omitted here. For case (iv), assume that t k ∈ (t 0 ,t 0 + τ ] and t k+1 ∈ (t 0 + τ,t 0 + 2τ ]. Thus, when t ∈ [t 0 , t k ], we have, integrating Eq. (1.1) fromt 0 to t
x(s) .
By Gronwall inequality, we have
Similarly like the above, we get
Fort 0 + τ < t t k+1 , integrating Eq. (1.1) fromt 0 + τ to t, we have
Similarly, we have
δ exp α for t k+1 < t <t 0 + 2τ.
From the above, we can conclude
which shows (2.7) holds when i = 1. By repeating the above arguments, we can prove
Thus, by the induction, we may prove that (2.7) holds. So, this shows that |x(t)| < ρ m < ε for t 0 < t <t 0 + 2mτ . Next we will prove (2.6). Suppose the contrary, then there exists T >t 0 + 2mτ such that |x(T )| = ε and |x(t)| < ε fort 0 t < T , which is due to |x(t + )| |x(t)| for all t t 0 (this is clearly true when t / ∈ {t k }, and when t ∈ {t k } it can be found from (2.1)). We assume that x(T ) > 0 (the case when x(T ) < 0 is similar and the proof will be omitted). Clearly, x (T ) 0. In the meantime, it is also clear to see that there is T 1 ∈ (t 0 + 2mτ, T ] such that x (T 1 ) > 0 and x(T 1 ) > x(t) fort 0 < t < T 1 . Thus, there is no harm in supposing x (T ) > 0, and so by (1.1), (1.2) and (2.3), we see that
It is easy to obtain by (1.1), (1.2) and (2.3) that
x (t) ε P (t) + b(t) ,t 0 t T . (2.9)
There are three possibilities: Case 1. T ∈ {t k }; i.e., there is some k ∈ N such that T = t k . In this case, by (2.
1), [T − τ, T ) has no impulsive points, and hence x(t) is continuous on [T − τ, T ], which together with (2.8) and x(T ) > 0 implies that there is ξ ∈ (T − τ, T ) such that x(ξ ) = 0 and x(t) > 0 for ξ < t T . Now we show that
, then integrating (2.9) from t to ξ , we have
(A) and (B) show that (2.10) holds. Hence by (1.1), (1.2), and (2.10)
x (t) εP (t) b + ξ t−τ P (s) + b(s) ds + εb(t), ξ t T . (2.11)
Therefore,
x (t) min ε P (t) + b(t) , εP (t) b + ξ t−τ P (s) + b(s) ds + εb(t) , ξ t T . (2.12)
First supposeb + 
Since the function (3/2 −b(1 −b/2))x − x 2 /2 + ε 0 is increasing for 0 x 1, it follows that
which is contradiction with the assumption x(T ) = ε. Now supposeb + .2), we have
which is also a contradiction. This completes the proof of case 1.
Case 2. T / ∈ {t k } and [T − τ, T )
has no impulsive points. The proof in this case is similar to that of case 1 and it will be omitted. k )x(t k ) 0, it follows by (2.8) and x(T ) > 0 that there is some ξ ∈ (T − τ, T ) such that x(ξ ) = 0 and x(t) > 0 for ξ < x T , then we may derive a contradiction in a manner similar to that used in the proof for case 1. Next we assume that t k ∈ (ξ, T ). This is similar to obtaining (2.10) and hence (2.12) holds. Ifb
Case 3. T / ∈ {t k }, but there is some t k ∈ [T −τ, T ). Since x(t) is continuous on [t −τ, t k )∪(t k , T ], and x(t
To the end, there are two subcases to consider: Subcase 1. t k ∈ (η, T ). Then by (2.12) we have
which is a contradiction again.
Then by (2.12) we have
which is also a contradiction. Combing cases 1-3, the proof of Theorem 2.1 is complete. 2 Now let us apply Theorem 2.1 to the delay logistic equation with impulse of the form
where
, and 0 t 0 < t 1 < t 2 < · · · < t k → ∞ as t → ∞ and I k (0) = 0. Without impulse, the delay logistic equation has been studied in [8] . . By Theorem 2.1, the zero solution of (2.13) is uniformly stable. The proof is complete. 2
